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Thermal and viscous dissipation in relativistic heavy ion collisions
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Department of Nuclear and Atomic Physics, Tata Institute of
Fundamental Research, Homi Bhabha Road, Mumbai 400005, India
We investigate the effects of finite baryon density and temperature on the bulk properties of mat-
ter formed in relativistic heavy ion collisions within second-order dissipative hydrodynamics. The
relativistic fluid evolution equations for heat flow and shear stress tensor are derived from kinetic
theory by using Grad’s 14-moment approximation for the single-particle phase-space distribution
function. The new equations provide a number of additional terms associated with heat-shear cou-
plings as compared to the existing derivations based on entropy principle. The dissipative equations
are encoded in non-boost-invariant hydrodynamic model simulation and studied for the evolution of
high baryon density matter encountered at the beam energy scan program at RHIC. We find that
thermal dissipation dominates shear pressure in defining the bulk observables at the low energy but
its effect diminishes at ultra-relativistic energies.
PACS numbers:
INTRODUCTION
Heavy-ion collision experiments at the Relativistic
Heavy Ion Collider (RHIC) energy of
√
sNN = 200 GeV
[1, 2] and at the Large Hadron Collider (LHC) energy√
sNN = 2.76 TeV [3–5] have already provided conclu-
sive evidence of the formation of a strongly interacting
QCD matter at vanishing net-baryon density. Such a
conclusion is based on the relativistic viscous hydrody-
namic analysis of the observed strong collective flow that
require a small shear viscosity to entropy density ratio as
well as a lattice QCD equation of state at zero chemical
potential that predicts a smooth crossover from hadron
to quark phase at a temperature of Tc ≈ 154 MeV [6].
While finite chemical potential lattice QCD calcula-
tion is notoriously difficult due to the sign problem, a de-
tailed study of the transport properties of matter at finite
baryon density and temperature could provide valuable
information on nuclear phase diagram which is expected
to be first order. The ongoing beam energy scan (BES)
program at RHIC, the NA61/SHINE experiment at SPS
and the future FAIR facility at GSI are all dedicated to
explore the hot and dense matter formed at midrapidity.
Second-order relativistic hydrodynamic theories have
been quite successful in describing the final-state observ-
ables at RHIC and LHC where the system is expected
to thermalize [7–9]. Since hydrodynamics is an effective
macroscopic theory based on gradient expansion of ther-
modynamic state variables up to certain order [10], it is
expected to break down in systems with very large spatial
and/or temporal gradients. However, the effectiveness in
explaining collisions involving small systems such as pro-
tons and light nuclei, where the medium is not expected
to thermalize, have extended the applicability of hydro-
dynamics to the far-from-equilibrium domain as can be
envisaged at the lower collision energies [11, 12].
Most of the hydrodynamic analysis of heavy/light-ion
data so far has been confined at ultra-relativistic energies
in the boost invariant central rapidity region where the
heat transport is ignored as compared to viscous dissipa-
tion. A sizable thermal dissipation may arise from large
spatial gradients in the chemical potential and tempera-
ture at the lower collision energies due to baryon stopping
(at midrapidity) as well as at the higher rapidities due to
the presence of nuclear spectators. Only a few hydrody-
namic calculations with finite baryon density exist that
are either derived from entropy maximization and lacks
the microscopic dynamics found in kinetic theory [13–
16], or ignores the coupling between thermal and viscous
evolution [17].
In this article we investigate the impact of both heat
and viscous transport on bulk dynamics in heavy-ion col-
lision over an energy range
√
sNN = 4.8− 200 GeV. We
present a new derivation of viscous and heat dissipation
equations in second-order hydrodynamics using Grad’s
14-moment [18] method. We find a number of addi-
tional terms compared to the traditional Muller-Israel-
Stewart formalism [19] due to the heat-viscous coupling.
The implications of these dissipative equations have been
demonstrated within a non-boost-invariant longitudinal
expansion of matter [20]. Noteworthy of which is that
at lower collision energies, heat dissipation enhances and
becomes comparable to viscous effects.
RELATIVISTIC HYDRODYNAMICS
The conserved particle four-current and the energy-
momentum tensor can be expressed [10] in terms of single
particle phase space distribution fp ≡ f(x, p) as
Nµ = g
∫
dp pµ(fp − f¯p) = nuµ + nµ, (1)
T µν = g
∫
dp pµpν(fp + f¯p) = ǫu
µuν − (P +Π)∆µν
+ πµν + (qµ +Wµ) uν + (qν +W ν)uµ, (2)
2where the phase-space factor is dp =
dp/[(2π)3
√
p2 +m2] for a particle of rest mass m,
degeneracy g with four-momentum pµ in a system
composed of particles of single species. In the above
tensor decomposition, (n, ǫ, P ) are the net-particle
number density, energy density and pressure density.
∆µν = gµν − uµuν is projection operator orthogonal
to the hydrodynamic four-velocity uµ. The dissi-
pative quantities are the charge diffusion current
nµ ≡ nWµ/(ǫ + P ) = Wµ/h, the bulk viscous pressure
Π, the shear stress tensor πµν , and the heat flow qµ
defined as qµ = uνT
νσ∆µσ − hNσ∆µσ. We have used
Eckart’s choice of velocity frame where nµ = ∆µνNν = 0
and the heat flow qµ = uνT
µσ∆µσ.
The fundamental conservation equations of particle
current, ∂µN
µ = 0, and energy-momentum tensor
∂µT
µν = 0 give the evolution equations for n, ǫ and uµ
n˙+ nθ = 0 , (3)
ǫ˙+ (ǫ + P +Π)θ − πµνσµν − 2qµu˙µ +∇µqµ = 0, (4)
(ǫ + P +Π)u˙α −∇α(P +Π) +∆αν ∂µπµν − παβ u˙β
+∆αν q˙
ν + qα∇νuν + qν∇νuα = 0. (5)
We have used the standard notation A˙ ≡ uµ∂µA for co-
moving derivatives, ∇µ ≡ ∆µν∂ν for space-like deriva-
tives, θ ≡ ∂µuµ for the expansion scalar, and σµν =
1
2 (∇µuν +∇νuµ)− 13θ∆µν for the velocity stress tensor.
In the present calculation we have ignored the effects of
bulk viscosity by setting Π = 0.
For a system close to local thermodynamic equilibrium,
fp can be written as fp = f
0
p + δfp. The equilibrium
distribution function is defined as f0p = [exp(βu · p −
α) + r]−1 (with r = 1,−1, 0 for Fermi, Bose, Boltzmann
gas) where β = 1/T is the inverse temperature, µ the
chemical potential with α = βµ, and the scalar product
u · p ≡ uµpµ. From Eqs. (1) and (2), the dissipative
quantities can then be expressed in terms of δfp as
nµ = ∆µα g
∫
dp pα(δfp − δf¯p), (6)
πµν = ∆µναβ g
∫
dp pαpβ(δfp + δf¯p), (7)
qµ = ∆µν g
∫
dp pν
[
pαuα(δfp + δf¯p)− ǫ+ P
n
(δfp − δf¯p)
]
,
(8)
where ∆µναβ ≡ 12 (∆µα∆νβ +∆µβ∆να)− 13∆µν∆αβ is traceless
projection operator orthogonal to uµ and ∆µν .
DISSIPATIVE EVOLUTION EQUATIONS
To derive the dissipative evolution equations we re-
quire the out-of-equilibrium distribution function δfp.
This can be obtained by using the relativistic Boltzmann
transport equation pµ∂µf(x, p) = C[f ], and recasting δfp
as δfp = f
0
p (1± f0p )φp with φp being the deviation func-
tion. The linearized Boltzmann equation can be then
written as [10]
Πµ∂µf
0
p + f
0
p (1± f0p )Πµ∂µφp + φpΠµ∂µf0p = −βLp[φp],
(9)
with Πµ = βpµ is the scaled particle four-momenta and
τp = βp
µuµ is the scaled energy (used below) in the local
rest frame. The linearized collision operator is then given
by
Lp[φp] = g
∫
dp′dk dk′ f0p (1± f0k )f0p′(1± f0k′)
× [φp + φp′ − φk − φk′ ]Wpp′→kk′ , (10)
where Wpp′→kk′ is the transition rate. To obtain φp us-
ing the Eq. (9), we take recourse to Grad’s 14-moment
method [18] for fp in orthogonal basis. In this approach,
the scalar φp is expanded in the particle-momentum
space, and expressing it in terms of scalar products of
tensors formed from pµ and tensor functions of xµ as [21]
φp = B
µ
p (x, τp)〈Πµ〉 − Cµνp (x, τp)〈ΠµΠν〉, (11)
where the irreducible tensors are 〈Πµ〉 = ∆µνΠν and
〈ΠµΠν〉 = ∆αβµνΠαΠβ . The coefficients Bµp and Cµνp are
further expanded in a power series of τp as:
Bµp =
1∑
s=0
[Bs(x)]
µ τsp , C
µν
p =
0∑
s=0
[Cs(x)]
µν τsp . (12)
Here the polynomials, up to first non-vanishing contri-
bution to irreversible flows, have been retained. The un-
known coefficients Bs and Cs can be obtained in form of
the dissipative fluxes by putting Eq. (11) in Eqs. (6)-(8).
By using the the moment integrals,
F ν1···νnp =
∫
dp f0p (1± f0p )pν1···νn =
[n/2]∑
l=0
anl(∆u)nl,
(13)
with anl = (−1)l
nC2l
2l+ 1
∫
dp | ~p |2l (p0)n−2lf0p (1± f0p ),
(∆unl) =
1
n!
∑
perm
∆ν1ν2 · · ·∆ν2l−1ν2luν2l+1 · · ·uνn ,
(14)
we obtain the coefficients
Cµν0 = κ0π
µν , κ0 = −[T 2c0]−1, (15)
Bµ1 = β1q
µ, β1 = [T
2(b2 − hˆb1)]−1, (16)
where hˆ = w/nT with w = ǫ + P being the enthalpy of
the system. Further, using Eckart’s definition of velocity,
the coefficients Bµ0 and B
µ
1 can be related as
Bµ0 = −Bµ1 b1/b0 = β0qµ, β0 = −β1b1/b0. (17)
3The quantities bs and cs are actually the moment inte-
grals defined as
∆µνbs = g
∫
dp f0k (1± f0p )〈Πµ〉〈Πν〉τsp , (18)
∆αβµνcs = g
∫
dp f0p (1± f0p )〈ΠαΠβ〉〈ΠµΠν〉τsp . (19)
Equations (15), (16), (17), give the three unknown co-
efficients necessary to specify the out-of-equilibrium dis-
tribution from (11). With the help of moment integrals
(13), the deviation function becomes
φp =
qµ〈Πµ〉
w
n(pνuν − 4T )
w − 5nT +
πµν〈ΠµΠν〉
2w
. (20)
Using Eqs. (9) and (20) along with the moment integrals,
we finally obtain the evolution equation for the shear
stress tensor and heat flow
∆αβµν π˙
µν =
2ηv
τπ
σαβ − π
αβ
τπ
+ rθπ
αβ∂ · u+ rωπ〈αρ ωβ〉ρ + rσπ〈αρ σβ〉ρ
+ raq
〈αu˙β〉 + rI∇〈αqβ〉 + rT q〈α∇
β〉T
T
, (21)
∆αµ q˙
µ =
λT
τq
(∇αT
T
− u˙α
)
− q
α
τq
+ lσqµσ
αµ + lωqµω
αµ + lθq
α∂ · u
+ laπ
αµu˙µ + lTπ
αµ∇µT
T
+ lπ∆
αµ∇νπµν . (22)
Here ηv is the shear viscosity and λ is the thermal con-
ductivity of the system. The chemical potential gra-
dient is converted to temperature and pressure gradi-
ents by applying the Gibbs’ Duhem relation ∂µ(µ/T ) =
(nT )−1∂µP − hˆ−1(∂µT )/T . The relaxation times for
shear pressure τπ = 6ηv/w and heat flow τq = 5λT (hˆ −
3)/[w(hˆ − 5)2], as well as all the second-order trans-
port coefficients are explicitly determined in terms of
the hydrodynamic variables. We note that the shear-
heat coupling terms obtained in kinetic theory, q〈α∇
β〉T
T ,
qµσ
αµ and παµ
∇µT
T are new compared to previous stud-
ies of thermal diffusion [15, 16] by entropy maximization.
Moreover, the coupled dissipative equations found here
are distinct to the decoupled shear and charge current
equations obtained in Chapman-Enskog like iterative ap-
proach of the Boltzmann equation in the relaxation time
approximation [23]. Equations (21) and (22) along with
their set of coefficients constitute one of the main results
in the present study.
The entropy four-current of the single-component sys-
tem, Sµr = −g
∫
dp pµ[fp ln fp + r(1 − rfp) ln(1 − rfp)],
can be decomposed into two parts: Sµ = suµ +Φµ with
s = uµSµ as the entropy density, and Φ
µ = ∆µνSν as the
entropy flux. Substituting the out-of-equilibrium distri-
bution function from (20) into Sµ we get,
s = seq +
3qµqµ
T (ǫ+ P )
− 3π
µνπµν
2T (ǫ+ P )
, (23)
Φµ =
qµ
T
+
2πµνqν
T (ǫ+ P )
, (24)
with the equilibrium entropy density seq = (ǫ + P −
µn)/T . It is important to note that within second-order
dissipative hydrodynamics, the entropy flux vanishes in
absence of heat flow (see Ref. [22]) and originates entirely
due to thermal conduction.
NON-BOOST-INVARIANT DISSIPATIVE
HYDRODYNAMICS
To demonstrate the numerical significance of viscous
and thermal dissipation equations obtained here, we
consider a non-boost-invariant longitudinal expansion of
matter [20] at finite baryon density. In terms of the
Milne coordinates (τ, x, y, η), where τ =
√
t2 − z2 and
space-time rapidity η = tanh−1(z/t), the hydrodynamic
four-velocity, uµ = γ(1, 0, 0, vη), includes a longitudinal
component vη.
The components of πµν can be obtained from az-
imuthal symmetry, orthogonality to uµ and tracelessness.
This leads to only one independent component which we
take as πηη. Similarly, for the heat flow, using the orthog-
onality condition uµq
µ = 0, the nonvanishing compo-
nents are qη = −γq/τ and qτ = −γτvηq. The evolution
equations for the (scaled) independent components of
shear stress, π ≡ −τ2πηη/γ2, and heat flow q ≡ −τqη/γ
in (1+1)D then become
Dπ =
4
3
ηv
τπ
θ − π
τπ
− 2πθ
− 2
3
τvη
(
rT q
∇IT
T
+ rαq
∇IP
w
+ rI∇Iq
)
, (25)
Dq =
λT
τλ
τvη
(∇IT
T
− ∇
IP
w
)
− q
τλ
+
2
3
(lσ − 2)qθ
+ τvη
(
lTπ
∇IT
T
+ lσπ
∇IP
w
+ lπ∇Iπ
)
. (26)
Here D = γ(∂τ + vη∂η) is the time derivative in the local
fluid rest frame, θ = ∂ · u = τ−1∂τ (τγ) + ∂η(γvη) is the
local expansion rate and ∇I = γ(∂τ + τ−2v−1η ∂η).
Taking the two independent components of T µν as T ττ
and T τη, the evolution equations (4) and 5) for energy
density and velocity reduce in the (1+1)D flow to
∂τ T˜
ττ + ∂η(v˜ηT˜
ττ) = −γ2 (ǫ+ PL) + ǫ+ 2γ2τvηq,
(27)
∂τ T˜
τη + ∂η(vηT˜
τη + P˜L/τ
2 − vηq)
= −2γ2vη[(ǫ+ PL)− 1
τvη
(
1 + τ2v2η
)
q]. (28)
4Here we have used the shorthand notation A˜mn = τAmn,
with PL = P − π as the effective longitudinal pressure
and v˜η = T˜
τη/T˜ ττ = T τη/T ττ . The equation for number
density (3) simply turns out to be Dn+ nθ = 0.
Using Eqs. (27) and (28), the expression for energy
density and longitudinal velocity can be expressed as
ǫ = T ττ − τ2vηT τη + τvηq, (29)
vη =
T τη + q/τ
T ττ + P (ǫ = T ττ − τ2vηT τη + τvηq)− π . (30)
This allows to extract vη by one-dimensional zero-search.
The five evolution equations (25), (26), (27), (28), and
the baryon number evolution, in terms of six unknowns
(π, q, vη, ǫ, P and n), are closed by including an equa-
tion of state P = P (n, ǫ). The above set of evolution
equations are solved using SHASTA-FCT algorithm.
For the (1+1)D flow, the entropy density and the com-
ponents of the entropy flux reduce to
s = seq − 1
(ǫ+ P )T
(
9
4
π2 + 3q2
)
, (31)
Φη = −γΦ/τ, Φτ = −γτvηΦ, (32)
with Φ = (q/T )[1 + 2π/(ǫ+ P )].
EQUATION OF STATE AND FREEZE-OUT
To study the hydrodynamic evolution of matter at fi-
nite density, we have employed the (2+1)-flavor QCD
EoS where the bulk thermodynamic quantities have been
obtained by using Taylor series expansion up to sixth or-
der in the baryon chemical potential [24]. The expansion
was constructed about the lattice QCD EoS at µB = 0
that includes a crossover transition at Tc ≃ 154 MeV
[25] and a hadron resonance gas (HRG) EoS at lower
T . The parametric EoS was shown to be reliable at
0 < µB/T < 2, and hence, can be suitably used about
midrapidity for the beam energy scan
√
sNN ∼ 5 − 200
GeV. At T < 130 MeV and/or high baryon density en-
countered at the forward/backward rapidities, where the
Taylor expansion is not well-defined, we have used the
HRG EoS smoothly matched to the parametric EoS.
The hadron spectra at freeze-out can be obtained by
using the standard Cooper-Frye prescription [26],
E
dNi
d3p
=
gi
(2π)3
∫
Σ
dΣµ p
µf i(x, p). (33)
We have considered freeze-out at a constant decoupling
temperature of Tdec (that corresponds to freeze-out times
τf (η)) from the hypersurface Σ(x). The phase-space
distribution function at freeze-out can be expressed as
f i(x, p) = f i0(x, p) + δf
i(x, p). The local equilibrium dis-
tribution is f i0 = [exp(u
µpµ − biµB)/T ± 1]−1 where bi is
the baryon number for ith species and the flow velocity
uµ ≡ uµ(τf , η), temperature T ≡ T (τf , η) and baryon
chemical potential µB ≡ µB(τf , η) are evaluated at the
freeze-out hypersurface coordinates. The nonequilibrium
corrections δf from shear viscosity and thermal conduc-
tion, obtained in Eq. (20) from Grad’s approach, can be
written as
δf i = δf ivisc + δf
i
ther = f
i
0(1± f i0)
×
[
pµpνπµν
2T 2(ǫ+ P )
+
pµqµ
T (ǫ+ P )
(
(pνuν − 4T )nB
(ǫ + P )− 5nBT
)]
.
(34)
We have considered all the resonances that are used in
the HRG model, and the rapidity distribution presented
here include two- and three-body resonance decays [9].
NUMERICAL RESULTS
We will present (1+1)D hydrodynamic simulation re-
sults over the entire rapidity range corresponding to
Au+Au collisions at
√
sNN = 200 GeV at RHIC, Pb+Pb
collisions at
√
sNN = 17.3 GeV at SPS/CERN, and
Au+Au collisions at
√
sNN = 5 GeV at AGS/BNL that
is close to the lowest energy in RHIC BES. We have taken
the initial time as τ0 = 0.4 fm at which the initial energy
density profile is constructed as [20]
ǫ(τ0, η) = ǫ0 exp
[
− (|η| −∆ηǫ)
2
2σ2ηǫ
θ (|η| −∆ηǫ)
]
, (35)
which consists of a flat distribution about midrapidity of
width 2∆η and two-smoothly connected Gaussian tails
of half-width σηǫ . The initial net-baryon density profile
is taken as nB(τ0, η) ≡ nB0 fB(η), where the envelope
function is chosen to be
fB(η) = θ
(|η| − η±B) exp
(
−
(|η| − η±B)2
2σ2η>
)
+ θ
(
η±B − |η|
) [
exp
(
−
(|η| − η±B)2
2σ2η<
)
θ (|η| −∆ηB0)
+ F(∆ηB0 ) (∆ηB0 − |η|)
]
. (36)
This represents a flat distribution about midrapidity of
width 2∆ηB0 which is connected smoothly at ±∆ηB0 to
the tails of two Gaussian with width parameter ση< and
peak position η±B that are determined from the measured
shape of the final net-proton rapidity distribution and the
rapidity-loss in the net-proton distribution, respectively
[27]. The initial net-baryon envelope profile at RHIC is
shown in Fig. 1 (dotted line).
The energy and baryon profiles of Eqs. (35) and (36)
are relevant at the RHIC and SPS energies that produce
a boost-invariant matter with small net-baryon density
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FIG. 1: Rapidity dependence of net-protons (top panel) and
charged pions (bottom panel) in heavy ion collisions at the
RHIC energy
√
sNN = 200 GeV, at the SPS energy
√
sNN =
17.3 GeV, and at the AGS energy
√
sNN = 5 GeV. The lines
correspond to non-boost-invariant hydrodynamic calculations
with shear stress and heat flow using ηv/s = 1/4pi and Eq.
(37). The symbols represent dN/dy data at AGS [30], SPS
[31, 32], and RHIC [33, 34]. The dotted line (top panel) illus-
trates the initial net-baryon density envelope profile at RHIC.
at midrapidity. In contrast, at
√
sNN ≈ 5 GeV, complete
stopping of the colliding nuclei leads to a baryon-rich and
high-energy density matter at midrapidity, and hence re-
quire (initial) Gaussian profiles peaked at η = 0. The pa-
rameters in Eqs. (35) and (36) are adjusted to reproduce
the net-proton and charged pion rapidity distributions
dN/dy at RHIC, SPS and AGS. The initial values of the
longitudinal velocity profile is taken as boost-invariant,
viscous stress tensor as isotropic, and vanishing heat flow,
i.e. vη(τ0, η) = 0, π
mn(τ0, η) = 0, q
µ(τ0, η) = 0.
For QCD matter at high T , the thermal conductivity
λ can be estimated from kinetic theory in the relaxation
time approximation as [28, 29]
λ =
1
3T 2
∫
dp
(2π)3
[
|p|2gbτb(p)b0(1 + b0)
+
∑
i=f,f¯
giτi(p)fi0(1− fi0)
(
p
ǫi
)2(
ǫi − bi ǫ+ P
nB
)2 ]
,
(37)
which includes bosons and massless quarks/antiquarks
(bi = ±1) with single-particle energy ǫi =
√
m2i + p
2.
We have used thermally averaged values for relaxation
-6 -4 -2 0 2 4 6
η
-0.4
-0.2
0.0
0.2
0.4
τv
η
Ideal
-4 -2 0 2 4
η
q ≠ 0
-2 -1 0 1 2
η
q ≠ 0
(a) (b) (c)
Au+Au @ 5 GeV
RHIC
Au+Au @ 200 GeV
SPS AGS
Pb+Pb @ 17 GeV
η/s = 0 η/s = 0.08
τ = 5 fm τ = 5 fm τ = 5 fm
FIG. 2: Space-time rapidity dependence of longitudinal ve-
locity (scaled by time) in non-boost-invariant hydrodynamic
simulation for ideal flow (dashed lines), with inclusion of heat
flow (solid lines) and further inclusion of shear stress (sym-
bols) in heavy ion collisions at RHIC, SPS, AGS energies.
times τi(p) from [28]. In the hadronic phase at low T , the
thermal conductivity is obtained from Eq. (37) by sum-
ming over all the (anti-)baryons i with baryon number bi.
Throughout our analysis, we have taken a constant value
of shear viscosity to entropy density ratio of ηv/s = 0.08.
In Fig. (1) we show the net-proton (top panel) and
charged pion (bottom panel) rapidity distribution in
(1+1)D hydrodynamics that include both viscous and
heat dissipation and compare with the dN/dy data at
RHIC, SPS and AGS. Contribution from resonance de-
cays are added to the thermal distribution. For the
good description of the dN/dy data, we require an ini-
tial ǫ0(τ0) = 23.5, 16.2, 9.0 GeV/fm
3, and a decoupling
temperature of Tdec = 150, 142, 135 MeV for RHIC to
AGS energies. Further, a small nB(τ0) is required in
the boost-invariant central rapidity region at RHIC (dot-
ted curve), whose magnitude gradually increases and ex-
tent decreases at smaller colliding energies. The observed
dN/dy at RHIC is the culmination of near cancellation
of proton and antiproton values near y ≈ 0 and a dou-
bled peaked structure for the proton dN/dy at the large
rapidities having high baryon content.
In the present analysis, with and without viscous and
heat dissipations, the parameters in ǫ(τ0, η) are retuned
in each case to fit the hadron dN/dy. As compared to
dissipative hydrodynamics, the larger flow in the ideal
fluid requires a higher and slightly narrower initial en-
ergy density distribution to be compatible with the final
dN/dy.
Figure (2) shows the space-time rapidity dependence of
the longitudinal flow velocity vη (multiplied by the corre-
sponding proper time) in ideal, pure thermal, and ther-
mal plus viscous hydrodynamics at τ = 5 fm. Large pres-
sure gradients PL, in the (1+1)D ideal-fluid-expansion,
breaks the initial boost-invariance vη(η, τ0) = 0 and ac-
celerates the fluid flow towards high rapidity. Shear and
heat dissipation will restrict PL, and finally overcome it
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FIG. 3: Space-time rapidity dependence of shear pressure ten-
sor pi and heat flow q at proper time τ = 2 (top panel) and 8
fm (bottom-panel) at the RHIC, SPS and AGS energies in the
(1+1)D hydrodynamic calculations that include heat flow in
absence of shear (dashed lines), with further inclusion shear
(solid lines), and for shear stress (symbols).
at large η where small (ǫ, P, T ) and large nB increase the
times, τπ ∼ ηv/(ǫ + P ) and τq ∼ λTnB/(ǫ + P ), for the
system to relax to equilibrium. We find that at RHIC and
SPS energies, viscous drag is more effective than thermal
correction as PL = P − π. Whereas, for collisions at the
low
√
sNN ∼ 5 GeV, the viscous effects are rather small,
and sizable effects from baryon and temperature gradi-
ents on the heat flow modify vη close to midrapidity. The
oscillations in vη seen at larger rapidities stem for large
gradients in µB/T near the vacuum [17].
Figure (3) shows the η dependence of shear pressure π
and heat flow q at RHIC, SPS and AGS energies at τ = 2
and 8 fm. In absence of shear, the magnitude of the heat
flow (dashed lines) at the central η does not build up with
time from its initial value of q(τ0, η) = 0. This arises due
to small |vη| and near cancellation of (T, P ) gradients
at small η in the dominant first term in Eq. (26). The
peaks and oscillations at large rapidities near the vacuum
can be traced to rapid heat flow in the direction of large
gradients in µB/T [17].
On inclusion of shear, the magnitude of heat current
(solid lines) increases considerably from heat-shear cou-
pling, and shows a trend similar to vη (see Eq. (26) and
Fig. 2). At the early time τ = 2 fm, the heat flow at
RHIC and SPS has a vanishingly small value at |η| < 1
due to the initial boost-invariance, and a maximum value
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FIG. 4: Time evolution of normalized entropy density s/seq
(top panels), entropy density from viscous spi and heat sq
(middle panels), and longitudinal and temporal components
of entropy flux sηq and s
τ
q (bottom panels) at the space-time
rapidity η = 1 (solid lines) and η = 3.5 (dashed lines) in
heavy-ion collisions at RHIC (left panels) and SPS (right pan-
els).
near the nuclear remnants. In contrast, at lower c.m.
energies, the large gradients in nB, P, T at small η cause
a rapid increase in q; the enhancement here is however
smaller due to small shear. In any case, the magnitude
of q is expected to be much smaller [16] than the shear
stress (symbols).
As the system evolves to a later time τ = 8 fm, the
typical features seen at the RHIC and SPS are breaking
of boost-invariance and inward-outward baryon diffusion
from high rapidities. This causes a reduction in central
plateau and broadening of the peak for heat flow. In
contrast at AGS, the baryons rapidly diffuses out from
the midrapidity resulting in heat to flow out from central
to larger rapidities. Close inspection of Fig. (3)(a) and
(3)(b) reveals that, with the expansion of the system, the
shear pressure drops faster as compared to the heat flow.
Figure 4(a)-(f) displays the proper time evolution of
various nonequilibrium components of entropy density
from Eq. (31) at the RHIC (left panels) and SPS (right
panels) for η = 1 (solid lines) and η = 3.5 (dashed lines).
The normalized entropy density s/seq in Figs. 4(a)-
(b) represent the deviation from the equilibrium value
seq = (ǫ + P − µnB)/T due to thermal and viscous dis-
sipation. Such a time dependence essentially reflect the
evolution of normalized shear tensor π/(ǫ+ P ) and heat
flow q/(ǫ+P ) that rapidly increases from the initial value
7of π(τ0) = q(τ0) = 0 and then gradually decreases. At a
larger rapidity η = 3.5 and also at the lower SPS energy,
the nonequilibrium deviation is found to be enhanced
due to the growth of the relaxation times, τπ and τq,
that causes a slower response to the expansion, driving
the system away from equilibrium.
Figures 4(c)-(d) depict the viscous sπ = 9π
2/4T (ǫ+P )
and thermal sq = 3q
2/T (ǫ+ P ) contributions to the en-
tropy density which again reflect the time evolution seen
for shear and heat. While sπ is larger at central than at
higher rapidities, sq shows an opposite η-dependence due
to relatively larger |q| at the nuclear spectator regions.
We find that sq and sπ are of comparable magnitude at
high rapidities.
Finally, we show in Figs. 4(e)-(f) the magnitude of lon-
gitudinal sηq and temporal s
τ
q components of entropy flux
of Eq. (32). These are the signature of thermodynamic
quantities originating purely from the heat flow. Apart
from the general decreasing trend with time, both these
components dominate at large rapidity most of the time
during evolution, demonstrating the key role played by
thermal flux q in deciding the behavior of entropy flux
contributions.
SUMMARY AND CONCLUSION
We have presented a relativistic hydrodynamic formu-
lation, with thermal conductivity and shear viscosity,
to treat high temperature and finite net-baryon density
matter encountered in relativistic heavy ion collisions.
The dissipative equations obtained within Grad’s 14-
moment approach have new terms involving couplings be-
tween heat flow and shear pressure where all the second-
order transport coefficients are explicitly determined.
Numerical significance of these equations were explored
for non-boost-invariant expansion of matter created in
heavy ion collisions over a wide energy range. We have
employed a (2+1)-flavor QCD EoS using up to sixth-
order Taylor expansion in baryon chemical potential and
smoothly matched to the HRG EoS at low temperature
and density. We found that thermal conduction alone has
a small effect in the central region at RHIC and SPS but
has noticeable effects in the baryon-rich regions and in
lower energy heavy-ion collisions. Coupling to shear pres-
sure could result in a sizable contribution from heat flow
on the observables. The present study may be promising
in the search for the elusive critical point at finite density
and temperature in the QCD phase diagram.
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